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Abstract. We give the equations governing the shear evolution in Bianchi
spacetimes for general f(R)-theories of gravity. We consider the case of Rn-
gravity and perform a detailed analysis of the dynamics in Bianchi I cosmologies
which exhibit local rotational symmetry. We find exact solutions and study their
behaviour and stability in terms of the values of the parameter n. In particular,
we found a set of cosmic histories in which the universe is initially isotropic, then
develops shear anisotropies which approaches a constant value.
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1. Introduction
In the last few years there has been renewed interest in theories of gravity where
the gravitational Lagrangian is a non-linear function of the scalar curvature. These
f(R)-theories of gravity can take on a number of forms, the majority of the functions
considered being of the type R + ǫRm. Theories with m = −1 have been proposed
as possible alternatives to sources of dark energy to explain the observed cosmic
acceleration [1, 2]. Solar system experiments do however constrain these type of
theories for any corrections higher than R2 (quadratic gravity) [3]. In these theories
corrections to the characteristic length scale of General Relativity (GR) are introduced
through the addition of a new length scale which is determined by the constant ǫ.
There are however forms of f(R) which do not alter the characteristic length
scale, for example Rn, in which GR is recovered when n = 1. These Rn-gravity
theories have many attractive features, such as simple exact solutions which allows
for comparison with observations [4,5]. There are however some caveats, in particular
the stability and global behaviour of the underlying cosmological model is not well
understood. The dynamical systems approach [6] can address some of these problems,
since it provides one with exact solutions through the determination of fixed points
and a (qualitative) description of the global dynamics of the system. Carloni et al [7]
have recently used this method to study the dynamics of Rn-theories in Friedmann-
Lemaˆitre-Robertson-Walker (FLRW) universes. Clifton and Barrow [8] used the
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dynamical systems approach to determine the extent to which exact solutions can
be considered as attractors of spatially flat universes at late times. They compared
the predictions of these results with a range of observations and were able to show
that the parameter n in FLRW may only deviate from GR by a very small amount
(n− 1 ∼ 10−19).
The dynamics of anisotropic models with f(R)-gravity have not been studied
as intensively as their FLRW counterparts and it is therefore not known how the
behaviour of the shear is modified in these theories of gravity. Bianchi spacetimes
with isotropic 3-surfaces have been investigated for the quadratic theory [9] and it
was found that in Bianchi I cosmologies the universe isotropises slower than in the
Einstein case. The equations governing the evolution of shear in Bianchi spacetimes
for general f(R)-theories can be found from the trace-free Gauss-Codazzi equations
(see for example [10, 11]). However, it is not easy to solve these equations since the
shear depends non-linearly on the Ricci scalar. Consequently the dynamical systems
approach provides us with the best means of understanding the dynamics of these
models.
In GR the vacuum Kasner solutions [12] and their fluid filled counterparts, the
Type I Bianchi models, proved useful as a starting point for the investigation of the
structure of anisotropic models. Barrow and Clifton [13,14] have recently shown that
it is also possible to find solutions of the Kasner type for Rn-gravity models. In [13]
they showed that exact Kasner-like solutions do exist in the range of parameter n
for 1/2 < n < 5/4 but with different Kasner-index relations to the ones in GR. In
this paper we extend the dynamical systems analysis of Rn–gravity [7] to Bianchi
I cosmological models that exhibit local rotational symmetry (LRS) [15–17]. LRS
spacetimes geometries are subgroups within anisotropic spacetimes in which isotropies
can occur around a point within the spacetime in 1- or 3–dimensions. Thus there
exists a unique preferred spatial direction at each point which constitutes a local axis
of symmetry. All observations are identical under rotation about the axis and are the
same in all spatial directions perpendicular to that direction [15, 16].
Our analysis of the vacuum case revealed some interesting features regarding
the evolution of Bianchi I cosmologies in HOTG. The phase space contains one
isotropic fixed point and a line of fixed points with shear. The isotropic fixed point
is an attractor (stable node) for values of the parameter n in the ranges n < 1/2,
1/2 < n < 1 and n > 5/4. In the range 1 < n < 5/4 this point is a repeller (unstable
node) and therefore may be seen as a past attractor. The existence of an isotropic
past attractor implies, as in the case of braneworld models [18–21], that we do not
require special initial conditions for inflation to start since the cosmological singularity
is FLRW. Another feature of these models is that the shear evolution is independent
of the value of n and is the same for all fixed points on the line.
The outline of this paper is as follows: In section 2 we give the basic equations
for the kinematical and dynamical variables and we also state the field equations
for general f(R)-theories of gravity. In section 3 we convert these equations into an
autonomous set of equations for the case of Rn. We then proceed in section 4 and 5
to analyse this system for models with vacuum and matter respectively.
The following conventions will be used in this paper: the metric signature is
(−+++); Latin indices run from 0 to 3; ∇ represents the usual covariant derivatives
which may be split (1 + 3–covariantly) with the spatial covariant derivative being
denoted by D and the time derivative by a dot; units are used in which c = 8πG = 1.
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2. Kinematics and dynamics of f(R)-gravity
2.1. Kinematical and dynamical quantities
We first state the relevant equations governing relativistic fluid dynamics (see for
e.g. [10, 11]). For any given fluid 4-velocity vector field ua, the projection tensor
hab = gab + uaub projects into the instantaneous rest-space of a comoving observer.
The first covariant derivative can be decomposed as
∇aub = − ua u˙b +Daub = − ua u˙b + 13 Θ hab + σab + ωab , (1)
where σab is the symmetric shear tensor (σab = σ(ab), σab u
b = 0, σaa = 0), ωab
is the vorticity tensor (ωab = ω[ab], ωab u
b = 0) and u˙a is the acceleration vector
(u˙a = u
b∇bua). Θ is the volume expansion (Θ = ∇aua) which defines a length scale
a along the flow lines via the standard relation Θ = 3a˙a .
The matter energy-momentum tensor TMab can be decomposed relative to u
a in
the form
TMab = µua ub + qa ub + ua qb + p hab + πab , (2)
where µ is the relativistic energy density, p the isotropic pressure, qa the energy
flux (qa u
a = 0) and πab the trace-free anisotropic pressure (π
a
a = 0, πab = π(ab),
πab u
b = 0), all relative to ua.
The conservation equations ∇bTMab = 0, can be split with respect to ua and hab:
µ˙+Daq
a +Θ(µ+ p) + 2(u˙aq
a) + (σabπ
b
a) = 0, (3)
q˙〈a〉 +Dap+Dbπ
ab + 43Θ q
a + σab q
b + (µ+ p) u˙a − u˙b πab + ωabqb = 0. (4)
2.2. f(R)-gravity Field Equations
In the case where the gravitational Lagrangian is a non-linear function of the scalar
curvature f(R), the action reads
A =
∫
dx4
√−gf(R) +
∫
LMdx4, (5)
where LM is the Lagrangian of the matter fields. The fourth order field equations can
be obtained by varying (5):
TMab = f
′Rab − 12fgab + Scd
(
gcdgab − gcagdb
)
, (6)
where primes denote derivatives with respect to R and Sab = ∇a∇bf ′(R). Sab can be
decomposed as
Sab = f
′′DaDbR+ f
′′′DaR DbR− f ′′′R˙ (DbR ua +DaR ub) + f ′′′R˙2 uaub
−f ′′
[
DaR˙ ub + u
c∇c(DbR) ua
]
+ f ′′
[
R¨ uaub − R˙(Daub − uau˙b)
]
, (7)
and so the D’Lambertian can be given by
S = f ′(R) = gab∇a∇bf ′(R)
= f ′′DcDcR+ f
′′′DcR DcR + f
′′u˙cDcR− f ′′(R¨+ R˙Θ)− f ′′′R˙2. (8)
The field equation (6) can be rewritten in the standard form
Rab − 12gabR = T TOTab , (9)
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(when f ′(R) 6= 0) where the effective stress energy momentum tensor T TOTab is given
by
T TOTab = f
′−1
[
TMab +
1
2gab (f − f ′R) + Scd
(
gcag
d
b − gcdgab
)]
. (10)
As pointed out in [7], no matter how complicated the effective stress energy momentum
tensor for the HOTG system is, it is always divergence free if ∇bTMab = 0. The total
conservation equations therefore have the same form as those for standard matter and
can thus be represented by (3) and (4).
The higher order field equations may then be split (see [9, 10, 22]) to give the
following contributions:
R = f ′ −1 [3p− µ+ 2f − 3S] , (11)
Rabu
aub = f ′ −1
[
µ− 12f + habSab
]
, (12)
Rabu
ahbc = f
′ −1
[−qc + Sabuahbc] , (13)
Rabh
a
ch
b
d = f
′ −1
[
πcd −
(
p+ 12f + S
)
hcd + Sabh
a
ch
b
d
]
. (14)
The propagation and constraint equations for f(R)-theories are given by Ripple
et al. [22]. In what follows we will use the Raychaudhuri equation
Θ˙−Dau˙a + 13 Θ2 − (u˙au˙a) + 2 σ2 − 2ω2 + f ′ −1
[
µ− 12f + habSab
]
= 0, (15)
and the trace free Gauss-Codazzi equation, which holds for an irrotational matter fluid
flow (ωab = 0):
3Rab − 13 (3R)hab = − σ˙〈ab〉 −Θ σab +D〈au˙b〉 + u˙〈a u˙b〉 + f ′ −1πab
+ f ′ −1
[
hcah
d
b − 13habhcd
]
Scd, (16)
where the 3-Ricci scalar is given by
3R = 2σ2 − 23Θ2 + f ′ −1
[
µ+ 3p+ f − S + 2hcdScd
]
. (17)
3. Shear dynamics in Bianchi I cosmologies
3.1. f(R)-gravity
We consider a Bianchi spacetimes whose homogeneous hypersurfaces have isotropic
3-curvature 3Rab =
1
3 (
3R)hab. These spacetimes include the Bianchi models which,
via the dissipation of the shear anisotropy σab, can reach a FLRW limit. Spatial
homogeneity implies that the spatial gradients will vanish and that u˙a = 0 = ω. Thus
the trace free Gauss-Codazzi equation (16) becomes
σ˙〈ab〉 +Θ σab = f
′−1
[
πab +
(
hcah
d
b − 13habhcd
)
Scd
]
, (18)
and Sab can be split as follows
Sab = f
′′
(
R¨uaub − R˙∇bua
)
+ f ′′′R˙2uaub, (19)
Sabu
aub = f ′′R¨+ f ′′′R˙2, (20)
Sabh
ab = − f ′′R˙Θ, (21)
S = − f ′′(R¨+ R˙Θ)− f ′′′R˙2. (22)
Substituting these components into the Gauss-Codazzi equation (18) gives
σ˙〈ab〉 +Θ σab = f
′ −1
[
πab − f ′′R˙σ〈ab〉
]
. (23)
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In the case of a perfect matter fluid, πab = 0, so that the equation above becomes
σ˙〈ab〉 +Θ σab = a
−3 d
dτ
(
a3 σab
)
= −f
′′R˙
f ′
σab. (24)
On integration this yields
σab = f
′ −1Ψaba
−3, Ψ˙ab = 0, (25)
which in turn implies
σ2 = f ′ −2Ψ2a−6, Ψ˙2 = 0. (26)
In the case of f(R) = R, equation (26) gives the standard GR solution (see [11] and
references there in) whose behaviour can be summarised as follows:
σ2 →∞ as a→ 0, σ2 → 0 as a→∞.
This behaviour is modified in f(R)-theories of gravity (see [9, 23]), because R (and
therefore f ′) is a function of σ2 (see (30) below) and therefore (26) is implicit.
In particular, the dissipation of the shear in Bianchi I spacetimes is slower in
quadratic gravity than in GR [9]. However, this result was obtained by solving the
evolution equations under the assumption that the scale factor also has a power-
law evolution. Although this is desirable it may not necessarily be true since no
analytical cosmological solution could be obtained in [9]. A more general approach to
this problem is to make use of the theory of dynamical systems (see [6] and references
therein). In the following we will apply this technique to Rn gravity in order to
investigate further the behaviour of the shear in this framework.
3.2. Rn– gravity
We begin by specialising all the evolution equations above to the case of f(R) = Rn.
The Raychaudhuri equation (15) is now
Θ˙ + 13 Θ
2 + 2σ2 − 1
2n
R− (n− 1) R˙
R
Θ+
µ
nRn−1
= 0, (27)
and the trace free Gauss-Codazzi equation (23) for LRS spacetimes is given by
σ˙ = −
(
Θ+ (n− 1) R˙
R
)
σ. (28)
The Friedmann equation can be found from (17)
1
3 Θ
2 − σ2 + (n− 1) R˙
R
Θ− (n− 1)
2n
R− µ
nRn−1
= 0. (29)
In general, the substitution of the Friedmann equation (29) into the Raychaudhuri
equation (27) yields
R = 2Θ˙ + 43Θ
2 + 2σ2. (30)
Note that, in this relation the energy density does not appear explicitly, but is however
still contained implicitly in the variables on the right hand side.
In this paper we will assume standard matter behaves like a perfect fluid with
barotropic pressure p = wµ. The conservation equation (3) in this case is
µ˙ = −(1 + w)µΘ. (31)
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In order to convert the equations above into a system of autonomous first order
differential equations, we define the following set of expansion normalised variables ‡;
Σ =
3σ2
Θ2
, x =
3R˙
RΘ
(n− 1) , (32)
y =
3R
2nΘ2
(n− 1) , z = 3µ
nRn−1Θ2
,
whose equations are
Σ′ = 2
(
−2 + 2Σ− y
n− 1 − 2x+ z
)
Σ,
x′ = y(2 + x)− y
n− 1(2 + nx)− 2x− 2x
2 + xz + (1− 3w)z + 2xΣ, (33)
y′ =
y
n− 1 [(3− 2n)x− 2y + 2(n− 1)z + 4(n− 1)Σ + 2(n− 1)] ,
z′ = z
[
2z − (1 + 3w)− 3x− 2y
n− 1 + 4Σ
]
,
where primes denote derivatives with respect to a new time variable τ = ln a and the
dynamical variables are constrained by
1− Σ+ x− y − z = 0. (34)
4. Dynamics of the vacuum case
We first consider the vacuum case (µ = 0). In this case the set of dynamical equations
(33) are given by
Σ′ = 2
(
−2 + 2Σ− y
n− 1 − 2x
)
Σ,
x′ = y(2 + x)− y
n− 1(2 + nx)− 2x− 2x
2 + 2xΣ, (35)
y′ =
y
n− 1 [(3− 2n)x− 2y + 4(n− 1)Σ + 2(n− 1)] ,
together with the constraint equation
1− Σ+ x− y = 0. (36)
4.1. Fixed points and solutions
The two most useful variables are Σ and y since they respectively represent a measure
of the expansion normalised shear and the expansion normalised Ricci curvature and
hence allow us to investigate how the shear is modified by the curvature. We can
therefore simplify the system (35), by making use of the constraint (36), which allow
us to write the equation for x as a combination of the two variables Σ and y:
Σ′ = − 2
(
2n− 1
n− 1
)
y Σ,
y′ =
y
n− 1 [(2n− 1)Σ− (2n− 1)y + (4n− 5)] , (37)
‡ It is important to note that this choice of variables will exclude GR, i.e the case of n = 1. See [6]
for the dynamical systems analysis of the corresponding cosmologies in GR.
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Table 1. The fixed points and eigenvalues for Rn-gravity in a LRS Bianchi I
vacuum model.
Fixed points (Σ, y) Eigenvalues
Point A
(
0, 4n−52n−1
) [
2(5−4n)
n−1 ,
(5−4n)
n−1
]
Line L1 (Σ∗, 0)
[
0, (4n−5)n−1 +
(2n−1)
n−1 Σ∗
]
which together with the constraint (36) represents our new system. Setting Σ′ = 0
and y′ = 0 we obtain one isotropic fixed point A :
(
0, 4n−52n−1
)
and a line of fixed points
L1 : (Σ∗, 0) where Σ∗ ≥ 0 (Σ∗ < 0 would imply imaginary shear) §. The point Σ∗ = 0
on L1 represents another isotropic fixed point that merges with A when n = 5/4.
The fixed points may be used to find exact solutions for the Bianchi I models.
We substitute the definitions (32) into (30) to obtain
Θ˙ =
(
n
n− 1yi − Σi − 2
)
Θ2
3
, (38)
where (Σi, yi) represents the coordinates of the fixed points. Given that n 6= 1 and
nyi − (n− 1) (Σi + 2) 6= 0, this equation can be integrated to give
a = a0 (t− t0)α , where α =
(
2 + Σi − nn−1yi
)−1
. (39)
In the case of the fixed point A we have
a = a0 (t− t0)
(1−n)(2n−1)
(n−2) , (40)
which is the same as the solution found in [7].
For the fixed line L1 we have
a = a0 (t− t0)
1
2+Σ∗ , (41)
but direct substitution into the cosmological equations reveals that this solution is
only valid for n > 1. For n < 1 the fixed points on L1 are non physical because the
field equations do not hold there. We have summarised these solution in Table 2.
The analysis above would be incomplete without determining the fixed points at
infinity. In order for us to compactify the phase space, we transform our coordinates
(Σ, y) to polar coordinates
Σ = r¯ cosφ, y = r¯ sinφ (42)
and set r¯ = r1−r . Now since Σ ≥ 0, we will only consider half of the phase space, i.e.
−π/2 ≤ φ ≤ π/2. In the limit r → 1 (r¯ →∞), equations (37) take on the form
r′ =
(2n− 1)
4(n− 1) [ cosφ− cos 3φ− 5 sinφ− sin 3φ ] , (43)
φ′ =
(2n− 1) [cosφ− cos 3φ+ sinφ+ sin 3φ ]
(n− 1)(1− r) . (44)
§ Σ∗ are the coordinates on the Σ-axis.
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Table 2. The solutions of the scale factor and shear evolution for Rn-gravity in
a LRS Bianchi I vacuum model.
Scale factor Shear
Point A a = a0 (t− t0)
(1−n)(2n−1)
(n−2) σ = 0
Line L1 a = a0 (t− t0)
1
2+Σ∗ , (only valid for n > 1) σ = σ0a
−(2+Σ∗)
Table 3. Asymptotic fixed points, φ-coordinates and solutions for Rn-gravity in
a LRS Bianchi I vacuum model.
Point φ Scale factor Shear
A∞ 0 τ − τ∞ = 1Σc ln |t− t0|+ C σ = σ0a−(2+Σc)
B∞ pi2 |τ − τ∞| =
[
C1 ± C0
∣∣∣ n−12n−1 ∣∣∣ (t− t0)]
2n−1
n−1
σ = 0
C∞ 3pi2 |τ − τ∞| =
[
C1 ± C0
∣∣∣ n−12n−1 ∣∣∣ (t− t0)]
2n−1
n−1
σ = 0
D∞ 7pi4 |τ − τ∞| = [C1 ± C2(t− t0)]2 σ = σ0
Since (43) does not depend on r we can find the fixed points by making use of
(44) only. Setting φ′ = 0 we obtain four fixed points which are listed in Table 3 with
their corresponding solutions.
The form of the scale factor can be determined from the fixed points by integrating
(43) to find [8, 24]
r − 1 = g(φi)(τ − τ∞), (45)
where g(φi) represents the right hand side of (43) and τ → τ∞ as r → 1. The evolution
equation (38) is then transformed into polar coordinates
Θ′
Θ
=
r
1− r
(
n
n− 1 sinφi − cosφi −
2(1− r)
r
)
, (46)
which in the limit r → 1 take on the form
Θ′
Θ
=
−1
g(φi)(τ − τ∞)
(
n
n− 1 sinφi − cosφi
)
. (47)
The equations above were all given in terms of the new time variable τ by using the
relation Θ′ = 3Θ˙/Θ. Integrating (47) yields the solution
|τ − τ∞| = [C1 ± C0 |h(φi)| (t− t0)]
1
h(φi) , (48)
where
h(φi) =
1
g(φi)
(
n
n− 1 sinφi − cosφi
)
+ 1. (49)
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Solutions at infinity can now be obtained by directly substituting the fixed points into
(48), so for points B∞ and C∞ we find
|τ − τ∞| =
[
C1 ± C0
∣∣∣∣ n− 12n− 1
∣∣∣∣ (t− t0)
] 2n−1
n−1
, (50)
and for point D∞
|τ − τ∞| = [C1 ± C2(t− t0)]2 . (51)
The solution at point A∞ can not be determined with this method since the limit
approaches our fixed line L1 so that (48) yields an indefinite solution. However,
defining the two new variables: S = lnΣ and Y = ln y, the system (37) can be written
as
S′ = − 2
(
2n− 1
n− 1
)
eY ,
Y ′ =
(
2n− 1
n− 1
)(
eS − eY )+ (4n− 5
n− 1
)
. (52)
Point A∞ corresponds to y → 0 as Σ → ∞, so in its neighborhood the system (52)
reduces to
S′ = 0 and Y ′ =
(
2n− 1
n− 1
)
eS , (53)
which has the solution
S = Sc = constant and Y =
(
2n− 1
n− 1
)
eSc (τ − τ∞) . (54)
The form of the scale factor for A∞ can then be found in the same way as the previous
points. For y → 0 as Σ → ∞, (38) takes the form Θ˙ = −ΣcΘ23 where Σc = eSc . We
find the solution as
τ − τ∞ = 1
Σc
ln |t− t0|+ C, (55)
where C is a constant of integration.
4.2. Stability of the fixed points
The stability of the fixed point may be determined by linearising the system of equation
(37). This can be done by perturbing Σ and y around the fixed points (Σi, yi) via
Σ = Σi + δΣ and y = yi + δy. The corresponding eigenvalues of the linearised system
are given in Table 1. The fixed point A is an unstable node (repeller) for values of n
in the range 1 < n < 5/4. For all other values of n it is a stable node (attractor).
The fixed points on line L1 all contain at least one zero eigenvalue and therefore
we will have to study the effect of small perturbations around the line. We find that
they have the following solutions
δΣ =
κ
η
eητ , δy = C eητ , (56)
where C is a constant of integration and
η =
(2n− 1)
(n− 1) Σ∗ +
(4n− 5)
(n− 1) , κ = −
2(2n− 1)
(n− 1) . (57)
Shear dynamics in Bianchi I cosmologies with Rn-gravity 10
Table 4. Stability of the fixed points for Rn-gravity in a LRS Bianchi I vacuum
model. We use the term ‘attractor’ to denote a stable node and ‘repeller’ refers
to an unstable node.
n < 1/2 1/2 < n < 1 1 < n < 5/4 n > 5/4
Point A attractor attractor repeller attractor
Line L1
Σ∗ = 1 repeller repeller repeller repeller
0 ≤ Σ∗ < 5−4n2n−1 repeller repeller attractor repeller
Σ∗ >
5−4n
2n−1 repeller attractor repeller repeller
Table 5. Stability of the asymptotic fixed points for Rn-gravity in a LRS Bianchi
I vacuum model. We use the term ‘saddle’ to denote a saddle node.
Point n < 1/2 1/2 < n < 1 n > 1
A∞ repeller saddle repeller
B∞ saddle saddle saddle
C∞ saddle saddle saddle
D∞ attractor repeller attractor
In order for the fixed points on line L1 to be stable node, we must have η < 0. The
fixed point is an unstable node when η > 0. Over the interval 0 ≤ Σ∗ < 5−4n2n−1 , we will
have stable nodes for 1 < n < 5/4 and unstable nodes for 1/2 < n < 1. The remainder
of the points Σ∗ >
5−4n
2n−1 , will be stable nodes for 1/2 < n < 1 and unstable nodes for
1 < n < 5/4. When n < 1/2 and n > 5/4, the fixed points are always unstable nodes.
We also note that for Σ∗ = 1, η = 6 and is therefore always an unstable node. The
stability of all the fixed points is given in Table 4.
A similar analysis may be performed for the fixed points at infinity. We only
need to perturb the angular variable φ around the fixed points φi via φ = φi + δφ.
The fixed points will be stable if r′ > 0 and the eigenvalue λ < 0 for the linearised
equation δφ′ = λ δφ, in the limit of r¯ → ∞. When both conditions are satisfied the
point is an stable node, if only one is satisfied it is a saddle and when neither holds
it is an unstable node. Substituting the expression above into (44) and linearising as
before, yields
δφ′ ≈ (2n− 1)
4(n− 1)(1− r) [ − sinφi + 3 sin 3φi + cosφi + 3 cos 3φi ] δφ. (58)
The stability of the fixed points are summarised in Table 5. We see that only point
D∞ have stable nodes for n < 1/2 and n > 1. Points B∞ and C∞ are always saddle
points and A∞ is a saddle when 1/2 < n < 1 but is otherwise an unstable node.
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4.3. Evolution of the shear
In the previous section we found two isotropic points; the fixed point A and one point
on the fixed line at Σ∗ = 0. The remaining fixed points all have non-vanishing shear.
The trace free Gauss Codazzi equation (28) can in general (i.e. for all points in
the phase space) be represented in terms of the dynamical variables (32) as
σ˙
σ
= − 13 (2 + Σ + y)Θ. (59)
From the equation above it is clear that the shear evolution for all points in the phase
space that lie on the line y = 1− Σ, is the same as in the case of GR. The shear will
dissipate faster than in GR when σ˙/σ < −Θ, that is all points that lie in the region
y < 1−Σ. We will call this the fast shear dissipation (FSD) regime. When σ˙/σ > −Θ
and hence for all points in the region y > 1 − Σ, the shear will dissipate slower than
in GR. This will be called the slow shear dissipation (SSD) regime.
The fixed points on L1 for which Σ∗ > 0 all have non-vanishing shear. For these
points (59) has the form
σ˙
σ
= − 13 (2 + Σ∗)Θ = −(2 + Σ∗)
(
a˙
a
)
, (60)
which may be integrated to give
σ = σ0a
−(2+Σ∗) = σ0a
−(2+Σ∗)
0 (t− t0)−1, (61)
where we made use of (41). We note that the final solution of the shear for these fixed
points (61), does not depend on the parameter n. This is to be expected since both
the coordinates of the points on L1 and equation (59) are independent of n.
The only other fixed point with non-vanishing shear is D∞ which corresponds to
y → −∞ as Σ→∞. In this limit (59) yields σ˙/σ = 0 which implies that σ = σ0 (i.e.
constant shear).
We first consider values of the parameter for which n < 1/2 (see Figure 1). If
the initial conditions of the universe lie in the region y > 0 (negative Ricci scalar),
the orbits will always approach the isotropic fixed point A. The shear will dissipate
slower than in GR for almost all the orbits in this region, apart from the ones below
the dotted line y = 1−Σ, which make the transition from the SSD region to the FSD
region. When the initial conditions lie in the region y < 0 (positive Ricci scalar), the
orbits will approach the fixed point D∞ which has constant shear.
The case 1/2 < n < 1 is illustrated in Figures 2 and 3. If the initial conditions
are such that they lie in the shaded area (y < 1 − Σ and y < 0), then the evolution
will always be in the FSD regime and will approach the isotropic solution of the point
A. Instead, the unshaded area y < 0 and y > 1 − Σ, is divided into two regions; the
first one is located below the dash-dotted line and the second above the dash-dotted
line. For initial conditions that lie in the first region, the orbits make a transition from
the SSD region to the FSD region where they approach the point A. When the initial
conditions lie in the second region, the orbits will always lie in the SSD region and
approach L1. When the initial conditions lie in y < 1−Σ and y > 0, the universe will
evolve from the FSD regime to the SSD regime, in which the evolution will approach
the stable solutions on L1. In the remaining area where y > 1 − Σ and y > 0, the
shear will always dissipate slower than in GR.
We next consider 1 < n < 5/4 which is illustrated in Figure 4. If the initial
conditions of the universe are such that they lie in the shaded area, then the shear
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will always dissipate faster than in the case of GR. When the initial conditions lie
in the region y > 1 − Σ and y > 0, the universe will evolve from the SSD regime to
the FSD regime and the evolution will approach the stable solutions on L1. If the
initial conditions lie in the unshaded area of y < 0, the orbits will approach the fixed
point D∞. For initial conditions that lie in the region y < 1 − Σ, there will be a
transition from the FSD region to the SSD region. For all initial conditions that lie
in the region y < 1 − Σ, the orbits always lie in the SSD region. We can see that
for this range of n, the fixed point A acts as a past attractor. This is an interesting
feature since an isotropic past attractor implies that unlike GR, where the generic
cosmological singularity is anisotropic, we have initial conditions which corresponds
to a FLRW spacetime. This feature was also found in the braneworld scenarios where
it was shown that homogeneous and anisotropic braneworld models (and some simple
inhomogeneous models) have FLRW past attractors (see e.g. [18–21]). This means
that although inflation is still required to produce the fluctuations observed in the
cosmic microwave background (CMB), there is no need for special initial conditions
for inflation to begin [25]. In the range 1 < n < 5/4, we can obtain models whose
evolution starts at the isotropic pointA and then either evolves toward the fixed points
(Σ∗, 0) on line L1 or towards the point D∞. The orbits that approach L1 will always
lie in the FSD region. The orbits which approach D∞ will make a transition from the
FSD region to the SSD region. An interesting set of orbits are the ones that approach
the fixed points on L1 for which (σ/H)∗ << 1. These cosmic histories represent an
universe that is initially isotropic and then develops shear anisotropies which approach
a constant value that can be chosen to be comparable with the expansion normalised
shear observed today ((σ/H)∗ < 10
−9 [26–28]) ‖. Inflation is therefore not required
to explain the low degree of anisotropy observed in the CMB. Furthermore, we still
require all other observational constraints to be satisfied.
Finally, we consider values in the range n > 5/4 (see Figure 5). For all initial
conditions that lie in the shaded region, the shear will always dissipate faster than
in the case of GR; for y > 0 the orbits will approach A and for y < 0 approach the
point D∞. If initial conditions lie in the region y > 1 − Σ and y > 0, the orbits will
initially be in the SSD region, and then approach the isotropic solution A, which is
in the FSD region. For all orbits in the region y > 1 − Σ and y < 0, the shear will
always dissipate slower than in the case of GR.
5. Dynamics of the matter case
We will now consider the dynamics of LRS Bianchi I models in the presence of matter.
As noted in [7], in HOTG there is a difference between vacuum and non-vacuum
physics in the sense that not all higher order couplings are consistent in the presence
of standard matter. This can be seen in the evolution equations (27) and (29) where
the matter terms are coupled with a generic power of the curvature. Since the sign
of the Ricci scalar is not fixed, these terms will not be defined for every real value
of n. Thus, the inclusion of matter induces a natural constraint through the field
equations on Rn- gravity and it is therefore necessary to express the results in terms
of the allowed set of values of n. Following [7], we will work as if n is unconstrained,
supposing that the intervals we devise are meant to represent the subset of allowed
‖ Strictly speaking these orbits do not satisfy the Collins and Hawking [29] definition for
isotropisation, which require σ/H to asymptotically approach zero.
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Figure 1. Phase space of the vacuum LRS Bianchi model with n < 1/2.
Figure 2. Phase space of the vacuum LRS Bianchi model with 1/2 < n < 1 and
where Σ˜ = 5−4n
2n−1
. The shaded region represents the region of initial conditions
for which the shear will always evolve faster than in GR.
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Figure 3. Close-up of the phase space of the vacuum LRS Bianchi model with
1/2 < n < 1 around the line y = 1− Σ.
Figure 4. Phase space of the vacuum LRS Bianchi model with 1 < n < 5/4.
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Figure 5. Phase space of the vacuum LRS Bianchi model with n > 5/4.
values within these intervals.
Similar to the vacuum case, we can reduce the system (33) to the three variables
Σ, y and z by making use of the constraint (34);
Σ′ = −2
[(
2n− 1
n− 1
)
y + z
]
Σ,
y′ =
y
n− 1 [(2n− 1)Σ− (2n− 1)y + z + (4n− 5)] , (62)
z′ = z
[
(2− 3w)− z +Σ−
(
3n− 1
n− 1
)
y
]
.
We note that when y = 0 then y′ = 0 and when z = 0, z′ = 0. The two planes y = 0
and z = 0 therefore corresponds to two invariant submanifolds. When z = 0, the
system (62) reduces to system (37) and one would be tempted to consider the plane
z = 0 as the vacuum invariant submanifold of the phase space, which would not be
entirely correct. To illustrate this point, we write the energy density in terms of our
expansion normalised variables (32)
µ ∝ zyn−1Θ2n. (63)
From this relation it can be seen that when z = 0 and y 6= 0 the energy density is zero.
However when y = 0 and z 6= 0 the behaviour of µ does depend on the value of n. In
this case the energy density is zero when n > 1 but is divergent when n < 1. When
both y and z are equal to zero and n < 1, one can only determine the behaviour of µ
by direct substitution into the cosmological equations.
5.1. Fixed points and solutions
Setting Σ′ = 0, y′ = 0 and z′ = 0 we obtain three isotropic fixed points A, B, C and
a line of fixed points L1 : (Σ∗, 0, 0), where Σ∗ ≥ 0 (see Table 6). When Σ∗ = 0 we
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have another isotropic fixed point which merges with A when n = 5/4 and with B
when w = 2/3. This point will merge with C when n = 5/4 and w = 2/3.
We again substitute the definitions (32) into (30) to obtain
Θ˙ =
(
n
n− 1yi − Σi − 2
)
Θ2
3
. (64)
Under the condition that n 6= 1 and the terms inside the brackets are not equal to
zero, this equation may be integrated to give the following solution
a = a0 (t− t0)α , where α =
(
2 + Σi − nn−1yi
)−1
. (65)
The point A and line L1 will all have the same solutions as in the vacuum case, since
either y = 0 or z = 0 for these points.
The behaviour of the scale factor for point B is
a = a0 (t− t0)1/2 , (66)
and since y2 = 0 and z2 6= 0, the energy density is zero (only valid for n > 1). When
n < 1, point B and the points on L1 are non physical since the energy density is
divergent.
For point C, the scale factor behaves as
a = a0 (t− t0)
2n
3(1+w) , (67)
while the energy density is
µ = µ0t
−2n, (68)
where
µ0 = (−1)n3−n22n−1nn(1 + w)−2n(4n− 3(1 + w))n−1
× [2n2(4 + 3w)− n(13 + 9w) + 3(1 + w)] .
This point thus represents a power-law regime which in the case of n > 0, yields an
expanding solution with the energy density decreasing in time. In the case of n < 0
we obtain a contracting solution with µ increasing in time. In order for C to be a
physical point, we require µ > 0 and therefore µ0 > 0 (see [7] for detailed analysis).
Note than when n > 32 (1 + w), this solution corresponds to accelerated expansion.
We next study the behaviour of the system (62) at infinity. The compactification
of the phase space can be achieved by transforming to spherical coordinates
Σ = r¯ sin θ cosφ, y = r¯ sin θ sinφ, z = r¯ cos θ, (69)
and setting r¯ = r1−r , where 0 ≤ r¯ ≤ ∞, 0 ≤ θ ≤ π and since we are again only
considering half of the phase space, −π/2 ≤ φ ≤ π/2 . In the limit r → 1 (r¯ → ∞),
equations (62) take on the form
r′ =
1
4(n− 1)
[
2 cos θ{3− 2n+ (2n− 1) cos 2φ}+ 2 cos3 θ{(2n− 1) cos 2φ− 1}
+2 sin θ cos2 θ{(2n− 1) cos 2φ− 1}{cosφ+ sinφ}
+(2n− 1) sin θ {cosφ− cos 3φ− 5 sinφ− sin 3φ} ] , (70)
θ′ =
sin 2θ{1− (2n− 1) cos 2φ} [cos θ + sin θ{cosφ+ sinφ} ]
4(n− 1)(1− r) (71)
φ′ =
(2n− 1) sin 2φ [cos θ + sin θ{cosφ+ sinφ} ]
2(n− 1)(1− r) . (72)
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Table 6. Fixed points and solutions of the scale factor and matter density for
LRS Bianchi I with matter.
Point Fixed points (Σ, y, z) Scale factor Matter density
A
(
0, 4n−52n−1 , 0
)
a = a0 (t− t0)
(1−n)(2n−1)
(n−2) µ = 0
B (0, 0, 2− 3w) a = a0 (t− t0)
1
2 µ = 0 (n > 1)
C
(
0, (n−1)[4n−3(1+w)]2n2 , a = a0 (t− t0)
2n
3(1+w) µ = µ0t
−2n
n(13+9w)−2n2(4+3w)−3(1+w)
2n2
)
Line L1 (Σ∗, 0, 0) a = a0 (t− t0)
1
2+Σ∗ µ = 0 (n > 1)
Table 7. Eigenvalues and shear solutions for LRS Bianchi I with matter.
Point Eigenvalues Shear
A
[
2(5−4n)
n−1 ,
5−4n
n−1 ,
n(13+9w)−2n2(4+3w)−3(1+w)
1−3n+2n2
]
σ = 0
B
[
−2 + 3w, −4 + 6w, 4n−3(1+w)n−1
]
σ = 0
C
[
3((2n−1)w−1)
n ,
P1(n,w)−
√
P2(n,w)
4n(n−1) ,
P1(n,w)+
√
P2(n,w)
4n(n−1)
]
σ = 0
P1(n,w) = 3(1 + w) + 3n ((2n− 3)w − 1)
P2(n,w) = (n− 1)
[
4n3(8 + 3w)2 − 4n2(152 + 3w(55 + 18w))
+3n(1 + w)(139 + 87w)− 81(1 + w)2]
Line L1
[
0, (4n−5)n−1 +
(2n−1)
n−1 Σ∗, 2− 3w +Σ∗
]
σ = σ0a
−(2+Σ∗)
Now since (70) does not depend on r we can find the fixed points by just making
use of (71) and (72). Setting θ′ = 0 and φ′ = 0 we obtain the fixed points which are
listed in Table 8 with their corresponding solutions.
The form of the scale factor can be determined from the fixed points as in the
vacuum case. We integrate (70) to find
r − 1 = G(θi, φi)(τ − τ∞), (73)
where G(θi, φi) represents the right hand side of (70) and τ → τ∞ as r → 1. We
transform the evolution equation (64) to polar coordinates and write them in terms
of the time parameter τ :
Θ′
Θ
=
r sin θi
1− r
(
n
n− 1 sinφi − cosφi −
2(1− r)
r sin θi
)
, (74)
which in the limit r → 1 takes the form
Θ′
Θ
=
− sin θi
G(θi, φi)(τ − τ∞)
(
n
n− 1 sinφi − cosφi
)
. (75)
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Table 8. Coordinates and solutions of the asymptotic fixed points for LRS
Bianchi with matter. For the fixed line θ˜ = arctan[−1/(cos φi + sinφi)] and
for the double point φ˜ = (1/2) arccos[1/(2n − 1)].
Point (θ, φ) Scale factor Shear
A∞ (0, 0) |τ − τ∞| = [C1 ± C0(t− t0)] σ = 0
B∞ (π, 0) |τ − τ∞| = [C1 ± C0(t− t0)] σ = 0
C∞ (pi2 , 0) τ − τ∞ = 1Σc ln |t− t0|+ C σ = σ0a−(2+Σc)
D∞ (pi2 , pi2 ) |τ − τ∞| =
[
C1 ± C0
∣∣∣ n−12n−1 ∣∣∣ (t− t0)]
2n−1
n−1
σ = 0
E∞ (pi2 , 3pi2 ) |τ − τ∞| =
[
C1 ± C0
∣∣∣ n−12n−1 ∣∣∣ (t− t0)]
2n−1
n−1
σ = 0
F∞ (θ˜, φ˜) |τ − τ∞| = [C1 ± C2(t− t0)]2 σ = σ0
Line
L∞ (θ˜, φ) |τ − τ∞| = [C1 ± C2(t− t0)]2 σ = σ0
Integrating the equation above then yields
|τ − τ∞| = [C1 ± C0 |H(θi, φi)| (t− t0)]
1
H(θi,φi) , (76)
where
H(θi, φi) =
sin θi
G(θi, φi)
(
n
n− 1 sinφi − cosφi
)
+ 1. (77)
The solutions is then obtained by directly substituting the coordinates of the fixed
points into (76). For points A∞ and B∞ we have the solutions
|τ − τ∞| = [C1 ± C0(t− t0)] , (78)
and for point D∞ and E∞ we have
|τ − τ∞| =
[
C1 ± C0
∣∣∣∣ n− 12n− 1
∣∣∣∣ (t− t0)
] 2n−1
n−1
. (79)
In addition to the ordinary fixed points, we have a line of fixed points L∞ for which θ˜ =
arctan[−1/(cosφi + sinφi)], and a double fixed point at φ˜ = (1/2) arccos[1/(2n− 1)].
Equation (76) gives the solutions for the fixed points on the line:
|τ − τ∞| = [C1 ± C2(t− t0)]2 . (80)
As in the vacuum case, C∞ can not be determined with this method since the
limit approaches the fixed line L1. In order to analyse this point, we can define three
new variables: S = lnΣ, Y = ln y and Z = ln z. The system (62) can then be written
as
S′ = − 2
(
2n− 1
n− 1
)
eY − 2eZ ,
Y ′ =
(
2n− 1
n− 1
)(
eS − eY )+ 1
n− 1e
Z +
(
4n− 5
n− 1
)
, (81)
Z ′ = (2− 3w)− eZ + eS −
(
3n− 1
n− 1
)
eY .
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Table 9. Stability of the fixed point A for LRS Bianchi I with matter. The
parameters are N± =
1
16
(13 ±√73), P± = 15 (4 ±
√
6) and Q± =
1
14
(11 ±√37).
n < N− N− < n < P− P− < n < Q− Q− < n < 1/2
w = 0 attractor saddle saddle saddle
w = 1/3 attractor attractor saddle saddle
w = 1 attractor attractor attractor saddle
1/2 < n < 1 1 < n < Q+ Q+ < n < 5/4 5/4 < n < P+
w = 0 attractor repeller repeller saddle
w = 1/3 attractor repeller repeller saddle
w = 1 attractor repeller saddle attractor
P+ < n < N+ n > N+
w = 0 saddle attractor
w = 1/3 attractor attractor
w = 1 attractor attractor
The point C∞ corresponds to y → 0 and z → 0 as Σ → ∞ so that the system (81)
reduce to
S′ = 0, Y ′ =
(
2n− 1
n− 1
)
eS , Z ′ = eS , (82)
which has the following solution
S = Sc, Y =
(
2n− 1
n− 1
)
eSc (τ − τ∞) , and Z = eSc (τ − τ∞) , (83)
where Sc is a constant. The form of the scale factor for C∞ can then be found in the
same way as the previous points. For y → 0 and z → 0 as Σ → ∞, (64) takes the
form Θ˙ = −ΣcΘ23 where Σc = eSc . We find the solution as
τ − τ∞ = 1
Σc
ln |t− t0|+ C, (84)
where C is a constant of integration.
5.2. Stability of the fixed points
We next check the stability of the fixed point by linearising the system of equation
(62). The eigenvalues of the linearised system are given in Table 7.
For the stability analysis, we consider three cases: dust w = 0, radiation w = 1/3
and stiff matter w = 1. The stability of the fixed points A and B are summarised
in Tables 9 and 10 respectively. Their behaviour is similar to the flat (k = 0) points
(C and F) considered in [7]. The stability analysis for the fixed point C cannot be
performed in an exact way. The eigenvalues are complex in the following ranges: When
w = 0, for 0.31 . n . 0.71 and 1 . n . 1.32; when w = 1/3, for 0.35 . n . 1.28; and
when w = 1, for 0.37 . n . 1 and 1.224 . n . 1.47. The results are given in Table
11.
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Table 10. Stability of the fixed point B for LRS Bianchi I with matter.
n < 3/4 3/4 < n < 1 1 < n < 3/2 n > 3/2
w = 0 saddle attractor saddle saddle
w = 1/3 saddle saddle saddle saddle
w = 1 repeller repeller saddle repeller
Table 11. Stability of the fixed point C for LRS Bianchi I with matter. We use
the term ‘spiral’ to denote a pure attractive spiral and an ‘anti-spiral’ refers to a
pure repulsive spiral.
0 < n . 0.31 0.31 . n . 0.35 0.35 . n . 0.37 0.37 . n . 0.71 0.71 . n . 0.75
w = 0 attractor spiral spiral spiral attractor
w = 1/3 attractor attractor spiral spiral spiral
w = 1 saddle saddle saddle spiral spiral
0.75 . n . 1 1 . n . 1.220 1.220 < n . 1.224 1.224 . n . 1.28 1.28 . n . 1.29
w = 0 saddle spiral spiral spiral spiral
w = 1/3 spiral spiral spiral spiral attractor
w = 1 spiral saddle repeller anti-spiral anti-spiral
1.29 . n . 1.32 1.32 . n . 1.34 1.34 . n . 1.47 1.47 . n . 1.5 n & 1.5
w = 0 spiral attractor saddle saddle saddle
w = 1/3 saddle saddle saddle saddle saddle
w = 1 anti-spiral anti-spiral anti-spiral repeller saddle
As in the vacuum case we find that the fixed points on the line L1 have zero
eigenvalues. We therefore study the perturbations around the fixed line which lead to
the following solutions
δΣ = − 2(2n−1)(n−1) C0η eητ −2Σ∗ C1κ eκτ , δy = C0η eητ , δz = C1κ eκτ , (85)
where C0 and C1 are constants of integration and
η =
(2n− 1)
(n− 1) Σ∗ +
(4n− 5)
(n− 1) , κ = 2− 3w +Σ∗. (86)
In order for the fixed points on line L1 to be stable nodes, we must have η < 0 and
κ < 0. When η > 0 and κ < 0 or η < 0 and κ > 0 we have a saddle and when η > 0
and κ > 0 it is an unstable node. The results have been summarised in Table 12.
A similar analysis can be performed for the fixed points at infinity. We can check
the stability of the fixed point by linearising the system of equation (70)-(72). The
eigenvalues of the linearised system are given in Table 13. The stability of the fixed
points A∞, B∞, C∞, D∞ and E∞ can then be found straightforwardly as in the vacuum
case (see Table 14). Points A∞ and B∞ are always saddle points. The point C∞ lie
on the fixed line L1 and is an unstable node for n < 1/2 and n > 1 and a saddle
for 1/2 < n < 1. Point D∞ is an unstable node for n < 0 and n > 1, a saddle for
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Table 12. Stability of the fixed line L1 for LRS Bianchi I with matter. The
coordinates for all these points are (Σ∗, 0, 0) and therefore we only state the
range of values on the fixed line in terms of their Σ-coordinates.
w = 0, 1/3 Attractors Saddles Repellers
n < 1/2 none none Σ∗ > 0
1/2 < n < 1 none Σ∗ >
5−4n
2n−1
0 < Σ∗ <
5−4n
2n−1
1 < n < 2 none 0 < Σ∗ <
5−4n
2n−1
Σ∗ >
5−4n
2n−1
n > 2 none none Σ∗ > 0
w = 1
n < 1/2 none 0 < Σ∗ < 1 Σ∗ > 1
1/2 < n < 1 none
{
Σ∗ >
5−4n
2n−1
0 < Σ∗ < 1
1 < Σ∗ <
5−4n
2n−1
1 < n < 5/4 0 < Σ∗ <
5−4n
2n−1
5−4n
2n−1
< Σ∗ < 1 Σ∗ > 1
n > 5/4 none 0 < Σ∗ < 1 Σ∗ > 1
Table 13. Eigenvalues and value of r′ of the ordinary asymptotic fixed points
for LRS Bianchi I with matter.
Point (θ, φ) Eigenvalues r′
A∞ (0, 0)
[
−1, 2n−1n−1
]
-1
B∞ (π, 0)
[
1,− 2n−1n−1
]
1
C∞ (pi2 , 0)
[
1, 2n−1n−1
]
0
D∞ (pi2 , pi2 )
[
− nn−1 , 2n−1n−1
]
− 2n−1n−1
E∞ (pi2 , 3pi2 )
[
− 2n−1n−1 , nn−1
]
2n−1
n−1
0 < n < 1/2 and a stable node for 1/2 < n < 1. Point E∞ is a stable node for n < 0
and n > 1, a saddle for 0 < n < 1/2 and an unstable node for 1/2 < n < 1.
The eigenvalues of the fixed line L∞ are given by
[λ1, λ2] =
[
P1(n, φ)−
√
P2(n, φ)
4(n− 1)(2 + sin 2φ)3/2 ,
P1(n, φ) +
√
P2(n, φ)
4(n− 1)(2 + sin 2φ)3/2
]
, (87)
where
P1(n, φ) = (3n− 4) cosφ+ n cos 3φ− (3n+ 1) sinφ+ (n− 1) sin 3φ,
P2(n, φ) = 2(2 + sin 2φ)
3/2
[
(2n2 − 2n+ 1)(1 + sin 2φ)
+(2n− 1)(− cos 2φ− 2 sin 4φ+ (2n− 1) sin 6φ)] .
The stability can then be found in a similar fashion as the ordinary asymptotic fixed
points. The eigenvalues in this case is dependent on two variables, n and φ, which
makes it difficult to express the results in a table. We have therefore summarised these
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Table 14. Stability of the ordinary asymptotic fixed points for LRS Bianchi I
with matter. Results are independent of w.
Point n < 0 0 < n < 1/2 1/2 < n < 1 n > 1
A∞ saddle saddle saddle saddle
B∞ saddle saddle saddle saddle
C∞ repeller repeller saddle repeller
D∞ attractor saddle saddle attractor
E∞ repeller saddle attractor repeller
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Figure 6. Stability of the line of fixed points L∞ for LRS Bianchi I with matter.
Results are independent of w. The black dot represents the fixed point at φ = 0.4
for a model with n = 1.4.
results in a diagram (see Figure 6) ¶. The stability of any fixed point on the line L∞
for a given value of n can be read from this diagram. For example the black dot in
Figure 6 represents the fixed point at φ = 0.4 for a model with n = 1.4. It lies within
a region that classify it as an attractor.
¶ This diagram was found by plotting τ = λ1 +λ2, ∆ = λ1λ2 and τ2 − 4∆ and using the definitions
for stability to classify the regions [30].
Shear dynamics in Bianchi I cosmologies with Rn-gravity 23
5.3. Evolution of the shear
The trace free Gauss Codazzi equation (28) can in general (i.e. for all points in the
phase space) be represented in terms of the dynamical variables (32) as
σ˙
σ
= − 13 (2 + Σ + y + z)Θ. (88)
The shear evolves at the same rate as in GR when σ˙/σ = −Θ, which holds for all
values on the plane 1 = Σ + y + z. The shear will dissipate faster than in GR when
σ˙/σ < −Θ, that is all points that lie in the region 1 > Σ + y + z. We may again call
this the fast shear dissipation (FSD) regime. The shear will dissipate slower than in
GR when σ˙/σ > −Θ and hence all points in the region 1 < Σ + y + z. This will be
called the slow shear dissipation (SSD) regime. Analysing the three dimensional phase
space for this system is more difficult than the two dimensional spaces considered in
the vacuum case since it is harder to visualise.
All the finite fixed points (A, B and C) together with the point Σ∗ = 0 on L1, lie
on the plane Σ = 0 and are therefore isotropic.
The evolution of the shear for the anisotropic fixed points on L1 can be obtained
as in the vacuum case. For these points (88) take the form
σ˙
σ
= − 13 (2 + Σ∗)Θ = −(2 + Σ∗)
(
a˙
a
)
. (89)
which may be integrated to give
σ = σ0a
−(2+Σ∗) = σ0a
−(2+Σ∗)
0 (t− t0)−1, (90)
where we made use of (39). This is the same solutions that where obtained in the
vacuum case. This is to be expected since all these fixed points lie on the line L1 for
which z = 0.
The point C∞ and the points on the line L∞ (including F∞) are the only
asymptotic fixed points with non-vanishing shear. Point C∞ lies on the line L1 and
therefore has the solution
σ = σ0a
−(2+Σc). (91)
The behaviour of the shear for the fixed points on L∞ can be found like (75), i.e by
transforming (88) into polar coordinates and taking the limit r → 1. The resulting
equation then yields the solution σ = σ0 = constant.
6. Discussion and Conclusions
We have derived the evolution equations of the shear for Bianchi I cosmologies with
f(R)-gravity. This general expression, allows us to consider the shear evolution for
any function of the scalar curvature. However, because the shear depend non-linearly
on the Ricci scalar one can not determine how the dissipation of the shear anisotropy
compares with the case in GR even if one chooses a specific form for f(R) (such as
R+R2 or Rn). One way of dealing with this problem is to make certain assumptions
(for example the form of the evolution of the scale factor a [9]) to obtain a solution.
A more general approach is to make use of the dynamical systems approach to study
HOTG in these cosmologies since it provides both exact solutions and the global
behaviour of the system.
Our main aim in this paper was to see how the shear behaves in LRS Bianchi I
cosmologies with Rn- gravity and whether these models isotropises at early and late
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times. To achieve this goal we used the theory of dynamical systems to analyse the
system of equations governing the evolution of this model with and without matter.
The phase space for these models have a number of interesting features, in
particular it contains one isotropic fixed point and a line of fixed points with non-
vanishing shear. The isotropic fixed point is an attractor (stable node) for values
of the parameter n in the ranges n < 1/2, 1/2 < n < 1 and n > 5/4. In the
range 1 < n < 5/4 this point is a repeller (unstable node) and therefore may be
seen as a past attractor. An isotropic past attractor implies that inflation can start
without requiring special initials conditions. However, since we have attractors for
(σ/H)∗ << 1 on L1, we may not need inflation since the shear anisotropy approaches
a constant value which may be chosen as the expansion normalised shear observed
today ((σ/H)∗ < 10
−9 [26–28]), provided that other observational constraints such as
nucleosynthesis are satisfied.
We also found that the line y = 1 − Σ separates the phase space into two part.
For all points on this line, the shear dissipates at the same rate as in GR. In the region
above the line the shear dissipates faster (FSD) than GR and in the region below the
line, slower (SSD) than in GR. From Figures 1− 5 we can see that there are a number
of orbits which cross the dotted line. These are systems which initially lie in the FSD
region and then make a transition to the SSD region and vice versa. An interesting
feature of the vacuum case is that when the evolution of the universe reaches the stable
solutions on L1, the shear will evolve according to σ ∝ t−1 irrespective of the value
of n. For values that lie in the range 1/2 < n < 1 and y > 0, one may have orbits
that initially lie in the FSD region (see Figures 1 and 2) and then make a transition
to the SSD region at late times. The opposite will happen for values that lie in the
range 1 < n < 5/4 and y > 0. Initially the orbits lie in the SSD region (see Figure 3)
and then make a transition to the FSD region.
We observe the same kind of behaviour in the matter case where the phase space
is however 3-dimensional, but is similarly divided into two regions, by the plane
1 = Σ + y + z. The space above the plane is the SSD region and below the FSD
region. Similar argument to the vacuum case can be used here to investigate the
orbits. When matter is included we do however only have stable fixed points on L1
for values of n in the range 1 < n < 5/4.
In conclusion we have shown that Rn- gravity modifies the dynamics of the shear
in LRS Bianchi I cosmologies by altering the rate at which the shear dissipates. There
are cases in which the shear always dissipate slower or faster than in GR, and there
are ones which make transitions from first evolving faster and later slower (and vice
versa) than in GR.
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